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ABSTRACT: Traditional plastics demand a choice between durability
(thermosets) and reprocessability (thermoplastics). Vitrimers are a
recent class of polymer network combining both of these qualities.
Their increased cost of production can be offset by mixing them with
a traditional thermoplastic; however, phase separation in such blends
can lead to inhomogenous materials. In this paper, we adapt an existing
model for the free energy of dissociative polymer networks to their
associative, vitrimeric counterpart. We test the accuracy of the model’s
predictions by comparing them with the results of novel molecular-
dynamics simulations. We demonstrate that such melts can undergo
phase separation even in the absence of energetic interactions between
the components, with a phase diagram qualitatively similar to that of

Polymer-
vitrimer melt
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dissociative systems. We furthermore find that—for equal-length chains in the limit of highly functionalized vitrimers—entropic phase
separation sets in as soon as two function sites per chain are cross-linked to other chains, such that only loosely cross-linked networks

are stable.

1. INTRODUCTION

Fifteen years ago, Leibler and co-workers' first stably synthe-
sized a new class of materials they dubbed ‘vitrimers’. These
materials have a wide variety of applications,* which include
their use as a recyclable, self-healing alternative to thermosets;
as a compatibilizer providing reversible adhesion between
immiscible materials; or, mixed with a classical homopolymer,
as an additive to improve thermomechanical properties without
loss of reprocessability.”> They achieve this remarkable versatil-
ity by forming polymer networks much like a thermoset, with a
fixed number of cross-links, but capable of reversibly reshuffling
cross-link sites to rearrange the network topology. Vitrimers are
built from functional copolymers, typically obtained from com-
mercially available monomers with the periodic addition of pen-
dant functional groups (i.e., cross-link—capable sites). A small
cross-linking molecule is then added, forming covalent bonds
with the functional sites; being highly energetic, these bonds
are rarely broken at normal temperatures. However, they can
exchange attachment points with other cross-linkers, and do
so often, as this reaction has fairly low energy of activation.®
Sites not occupied by cross-linkers are stoppered by some ‘stop-
per’ moiety, which acts as a place-holder to prevent empty sites
from reacting haphazardly. The only reaction present in the
final material is thus the exchange of attachment points between
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moieties (cross-linker—cross-linker and cross-linker—stopper).
In this way, a dynamic network is formed which rearranges itself
topologically yet always maintains a constant overall number of
cross-links.

One application of particular interest involves dispersing
vitrimers into a classical homopolymer matrix. By carefully
selecting the materials involved, the resulting mixture can be
made more thermomechanically resistant than a traditional
thermoplastic, at a fraction of the cost of a pure vitrimer.
Unlike a thermoset with permanent cross-links, this hybrid
material is reprocessable and self-healing, thanks to the cross-
links’ dynamic nature. The anatomy of such a mixture — in
the specific case of a polystyrene vitrimer with dioxaborolane
moieties — is illustrated in Figure 1. Therein, the cross-linker
moiety (C) attaches to functional sites on the vitrimer back-
bone (B), and the stopper moiety (D) is simply a monofunc-
tional version of the cross-linker, filling up all remaining sites.
The fourth component is the matrix (A), which we refer to

interchangeably as polymer or homopolymer.
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(B)

a0
(a) Cartoon of the melt, consisting of the homo-
polymer ( / A), the vitrimer backbone (7~~~ / B),

the cross-linker moiety (=e=/C) and the stopper
moiety (-@ /D).

Figure 1. Anatomy of a vitrimer—homopolymer melt.

@)

(b) Blend chemistry for a polystyrene-based vitrimer—-homopolymer melt with
dioxaborolane cross-linker and stopper.

Studies of such melts are still scarce. However, preliminary evi-
dence suggests that such melts do not mix homogeneously.
A study of poly(methyl methacrylate) in an epoxy vitrimer
matrix’ finds clear micron-scale phase separation when the mix
is equal parts by weight. Analyses of pure vitrimers®” also detect
traces of phase separation at several scales; see de Heer Kloots
et al.'” for a detailed qualitative discussion. Controlling micro-
structure is important for the practical use of vitrimers: some
applications call for well-mixed melts; others rely on specific
modes of phase separation.'' Currently, achieving the correct
micro-structure relies on repeatedly iterating experiments and
prototypes, a procedure both costly and time-consuming. There
is thus a need for a predictive approach to phase separation,
which can be achieved through an appropriate theoretical model.

Classical theories of adaptive polymer networks apply to ‘disso-
ciative’ systems, where the functional sites detach and reattach
without the intermediary of cross-linker or stopper moieties.
This phenomenon is governed by the energy of association, which
is the energy respectively lost or gained by forming or breaking a
bond. As such, dissociative networks create or destroy cross-links
at will, thereby freely altering their connectivity properties. Since
bonds can associate and dissociate, the actual number of bonds
(i) will fluctuate around the mean fraction for a material at equi-
librium, (i) may evolve with time when out of equilibrium, and
(iii) may not be conserved during processes such as phase separa-
tion — in other words, the total number of bonds may change.
The mean fraction of bonds associated at any given time is called
the ‘degree of conversion’ (p), and can be predicted at equilibrium
by minimizing the free energy of the dissociative system. The
result depends on the energy of association as well as on the com-
position of the mixture; it also varies with temperature, with hotter
samples exhibiting fewer bonds (lower p) on average.

In contrast, vitrimers — or ‘associative’ systems — exist in the
limit of high energy of association, when it is almost never favor-
able to break a bond. This justifies the assumption that, in vitri-
mers, the total degree of conversion is a conserved quantity: in
this approximation, cross-links can change attachment sites, but
can never detach spontaneously. A consequence is that vitrimer
systems can be treated purely entropically: since the number of
bonds remains fixed, the total bonding energy remains constant;

hence, it is possible to conceive of an idealized, entropic vitrimer
system whose state depends only on the number of microstates
generated by the presence of bonds and different chain configu-
rations. Although real vitrimer blends almost certainly also
involve energetic effects (e.g. from interaction parameters), it is
instructive to investigate first the ideal, entropic case. Therefore,
we will restrict the scope of this paper to systems governed
entirely by entropic effects, without energetic interactions
between any of the four component moieties A~D (cf. Figure 1).

Existing theories mostly describe dissociative networks; none-
theless, similar systems have been extensively studied in the theo-
retical literature. Approaches include mean-field theory,'>'* a
patchy-particle model,'* coherent-state field theory,'> cluster
expansions'® and more; see Tanaka'” for a review. The mean-
field theory due to Semenov and Rubinstein'” and expanded by
Dobrynin'? is a popular framework. It has been used to study solu-
tions of polyelectrolytes,'® blends of heteroassociative polymers,'”
mixtures of polymers with compatible functional sites,” single-
chain nanoparticles with multiple sticker types, and has been to
an extent compared with experiments.”> This approach has the
advantage of producing a free-energy function from counting argu-
ments alone, without invoking heavy mathematical artillery. In this
paper, we use this framework to arrive at a phase diagram of vitri-
mer—polymer melts in the absence of enthalpic effects. We will find
similar qualitative predictions to those of dissociative systems,'*>'?
namely that macro-phase separation occurs whenever the degree
of conversion (resp. energy of association) is sufficiently large. In
contrast with the dissociative case, however, there are compositions
of melt which never undergo separation (generally if the propor-
tion of vitrimer is sufficiently large or small). Furthermore, the sep-
aration we predict is fully driven by the entropy of the resulting
phases, meaning that it is a purely statistical phenomenon.

Phase separation driven by entropic effects is of course not new.
In the polymer literature previous works have considered phase
separation induced by differences in chain stiffness, or short-
chain branch content in polyolefins. These include lattice-based
models,**** field-theoretic approaches® and, more recently, simu-
lations.>**” However, these studies differ from ours in that the
entropic effect is due to changes in the number of local packing
configurations available when dissimilar polymers are mixed.
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Since these effects are local, they can be accounted for via an
entropic contribution to the effective y interaction parameter, as
predicted by several of the above models. In contrast, the entropic
effect at play in our study concerns changes in the translational
entropy and network connectivity as composition is varied. In this
sense, the entropic effects in our work are more analogous to those
previously identified in polymer—-microemulsion networks.*®

Our work addresses the need for a predictive model of phase
separation in vitrimer—polymer melts by providing an initial, sim-
plistic description using the mean-field theory. Thus far, no sys-
tematic experimental campaign has been conducted to capture
regimes of stability in these melts. To validate our description,
we therefore turn to numerical methods. Molecular dynamics
simulations have been used extensively to model polymer sys-
tems;”” ! by adding Monte-Carlo—based interactions between
selected beads, they have successfully been extended to model
dynamic polymer networks.*>~* While Monte-Carlo simulations
have been used extensively to study the viscoelastic behavior of
vitrimer melts, phase separation remains largely unexplored terri-
tory. To our knowledge, this study constitutes the first systematic
comparison with simulations of the mean-field—type theory intro-
duced by Semenov and Rubinstein.'?

The goal of this paper is, therefore, to provide a combined
theoretico-simulative approach to predicting macroscopic phase
separation in vitrimer—polymer melts, meant to guide experimental
exploration of these materials’ design space. The paper is structured
as follows. In Section 2, we derive a mathematical model for the
free energy of a vitrimer—polymer melt devoid of energetic interac-
tions. Section 3 then presents the hybrid Monte-Carlo/molecular-
dynamics simulative approach adopted to validate the theory. In
Section 4, we compare simulation results with the theoretically pre-
dicted incidence of macroscopic phase separation, and discuss pos-
sible extensions of the theory. Conclusions are drawn in Section S.

2. FREE ENERGY MODEL

In this section, we derive the Helmholtz free energy for a vitri-
mer—polymer melt. For the sake of exposition, and for better
comparison with the simulations carried out in Section 3, we will
only present a simplified derivation where the small moieties —
cross-linker and stopper — are ‘phantom’ objects which do not
occupy any volume. We will discuss how this assumption can
be lifted in Section 4.3, with a complete derivation given in the
supplementary information (Part A). The resulting, simplified
model assumes that the functionalized monomers on every vitri-
mer chain can directly bond to other functionalized monomers,
without the intermediary of a physical cross-linker. We will use
the language of previous works on dissociative polymer networks
and call these special monomers ‘stickers’, and define a sticker as
‘bonded’ if the equivalent functional site is attached to a cross-
linker, and ‘free’ otherwise (Table 1). Though confusing at first,
this change in language allows better alignment with existing lit-
erature, and makes the link to simulations more straightforward.

Therefore, the melt consists of two species: a homopolymer
matrix, chemically inert, and a vitrimeric network of the same

Table 1. Conversion between Terminologies

chemical nomenclature phantom model
functional site sticker
bonded sticker

free sticker

site with cross-link
site with stopper

chemical nature, every chain of which has s designated stickers.
We assume that stickers are uniformly distributed along the chain
(ie., located at equal monomeric intervals), with half an interval
at the extremities. To emulate the effect of covalent bonds, we
fix the total number of sticker—sticker cross-links (‘bonds’) to
some global value. Since the number of bonds is fixed, and the
vitrimer and homopolymer are assumed not to interact energeti-
cally, all microstates have the same enthalpy, and the internal
energy may be excluded from the computation of the partition
function. Even if a system phase separates, with different amounts
of cross-linking in each phase, the constant total number of bonds
(summed over both phases) ensures the total internal energy is
constant. As bonds never break without immediately reforming,
their association and dissociation can never contribute to the
overall energy balance. The calculation thus involves only a con-
formational or entropic term, counting the number of ways to
arrange vitrimer and polymer chains in the melt. The predictions
of this simplified model will be shown at the end of Section 2.4,
and later compared to the results of simulations in Section 4.1.

2.1. Derivation

We follow in large part the derivation of Semenov and
Rubinstein,'? rewritten in terms of a lattice model. The major
difference is that we do not approximate the solvent’s effect
through its virial coeflicients, given that our ‘solvent’ is actually
a polymer matrix. Our basic theory, before the addition of cross-
links, is the classical Flory—Huggins theory of polymer melts.

To obtain the partition function, we count the number of
ways of arranging the vitrimer and polymer chains on a lattice,
subject to the constraint of forming the correct number of
sticker—sticker bonds. We start by giving the number of ways
of arranging the chains in the absence of such constraints,
£pyy, and later correct it by a combinatorial factor.

Given a lattice of n, sites filled with » vitrimer chains, each
occupying N sites, and m polymer chains, each occupying M
sites, the number of ways of placing these chains on the lattice
is given in the mean-field approximation by

1! ("OZ:N)n (ﬂoé’M)m

Q = —
PR m!

(1)

where the {; represent the number of internal configurations
available to the chains on the lattice, uncorrected for excluded
volume; hence the explicit dependence on N and M in { and
Car- Equation 1 is a standard result of the Flory—Huggins theory;
its derivation can be found in Flory*® or, for convenience, in the
supplementary information (Part A).

If there are ¢ cross-links between stickers (one cross-link for two
stickers), the partition function £2;; needs to be multiplied by the
number of ways of forming ¢ distinct sticker pairs, as well as by the
probability that the chains are in a configuration allowing that many
bonds. Forming ¢ pairs out of s X n stickers is equivalent to order-
ing the stickers in a list defined such that the first sticker is paired
with the second, the third with the fourth, and so on. The remain-
ing sn — 2c stickers are unpaired. The following diagram illustrates
the situation, with each sticker represented by an asterisk ().

N .
2¢ stickers sn—2c stickers

form ¢ pairs remain unpaired
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There are (sn)! ways of arranging the stickers in this list, to be cor-
rected by dividing by ¢! (since the ordering of the pairs doesn’t
matter), by (sn — 2¢)! (since the ordering of the unpaired stickers
doesn’t matter), and by 2° (since the ordering of the stickers within
a pair doesn’t matter).

Next we compute the probability that the chains be in a con-
figuration allowing ¢ bonds. A given bond is allowed if and only
if that bond’s second sticker occupies one of the x sites on the
immediate coordination shell of the first sticker. This happens
with probability x/n, The event then needs to recur ¢ times,
so the probability becomes (x/n,)". (The number of cross-
link-compatible second sites x depends on the specific geometry
of the chains, but is usually taken to be two less than the lattice
coordination number, accounting for monomers adjacent to the
sticker.)

The full partition function £2 is thus the product of these two
factors with Qgp;, namely

s () @

To obtain an expression for the entropy, we apply Stirling’s for-
mula z! ~ (z/e)* and take the natural logarithm of £2. We also
wish to rewrite the expression in terms of (independent) inten-
sive variables: one is the volume fraction occupied by vitrimer
chains, ¢ := Nn/n; the other is a rescaled version of the volume
fraction occupied by bonded stickers: y :== 2c/n, X N/s. We
choose the scaling factor N/s on this second quantity so that
y ranges between zero and ¢, and the degree of conversion of
stickers is p := 2¢/sn = y/¢. The volume fraction occupied by
the polymer is — by conservation of volume — not an inde-
pendent variable, and indeed is equal to 1 — ¢ = Mm/n,,
Performing these substitutions, and defining $(z) := zlog(z)
for compactness, the non-dimensional free energy per lattice

site f := —log(£2)/n,, is given by

Q:QFHX

TpRT |@)+ 3 S(1)| +S(6v) + 5 S)-5(#)
G)

Here and elsewhere in the text we have freely removed from the
free energy both constants and terms linear in the concentration
variables (¢, ), as they have no effect on the resulting predictions
(cf. Section 2.4). It is worth emphasizing that the expression Nf/s
in eq 3 is independent of any lattice parameters. Note also that the
behavior of the system does not directly depend on the lengths of
the component chains, but only on their ratio M/N.

Heuristically, this expression for the free energy can be seen
as the interplay between two competing influences: the first
term in parentheses — scaling as 1/s — is convex, encouraging
stable behavior, whereas the rest of the expression pushes for
instability. As s increases, the unstable influence becomes more
prominent and the region of instability grows, leaving only a
small island of stability near (¢, ) = (1, 0).

A variant derivation, due to Dobrynin," suggests that the
expression in eq 3 takes into account the presence of cycles in
the network; the details of this, along with the full derivation
for volume-occupying cross-linker and stopper, are given in
the supplementary information (Part A).

2.2. Nearest-Neighbor Correction

The partition function provided in eq 2 assumes that the second
sticker within each pair has equal probability of lying anywhere
in the system volume. Whilst good for stickers disconnected
from each other (or only connected through a long enough
path), this assumption is deficient when stickers are separated
by short lengths of vitrimer backbone. In this case, the stiffness
of the chains affects sticker distributions. The effect is particu-
larly salient when the vitrimer is dilute in the matrix, and
stickers mostly see stickers from the same chain in their imme-
diate vicinity. Following both Semenov and Rubinstein'’ and
Dobrynin,"”> we model these local bonds through their
leading-order behavior, when stickers pair with their nearest
neighbor along the chain (Figure 2). Longer-range bonds are
polynomially suppressed by the entropic cost of forming a loop
in the polymer, with scaling (loop length)™/2.

First we calculate the contribution to the partition function
due to nearest-neighbor bonds. Let a fraction q of the s stickers
on a given vitrimer chain be involved in nearest-neighbor pairs.
To calculate how many ways this can happen, imagine having a
list of the (s — gs) free stickers and qs/2 cross-linked sticker pairs
on that chain, and asking the number of ways to rearrange
these. By a ‘stars-and-bars’ argument,® this is the same as taking
(s—gs) + gs/2 objects, and selecting gs/2 to be pairs. The num-
ber of ways of doing this is simply the binomial coefficient (s —
gs/2)!/[(gs/2)! (s — gs)!]. However, forming gqs/2 nearest-
neighbor pairs comes with an entropic cost, as the configura-
tions that the two bonded stickers can have relative to each
other are reduced. This cost can be accounted for by multiply-
ing the partition function by the probability P[ly ] of forming a
loop of length I, repeating as many times as there are loops
(gs/2). The product of these two expressions is the amount
by which each vitrimer chain modifies the partition function
due to local bonds between nearest-neighbor stickers. For the
full partition function, we multiply eq 2 by n copies — one
for each vitrimer chain — of this local-bond correction term.
The result is

_ (s—gs/2)! \"_[(x\:  (sn)!
a=amx (Gt ol) * (G
(4)

where sn = sn—qsn and ¢ = ¢ — qsn/2 are the values reduced by
the number of stickers (resp. cross-links) involved in local,

(b)

(a)

Figure 2. Generic same-chain linking (a) vs nearest-neighbor only (b).
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nearest-neighbor pairs. As before, eq 4 can be used to provide
the free energy, yielding

N 1 N

f= 9@+ 4

+%55(W—‘1¢)—55<{1—%Q}¢) (5)

$(1- ¢>} £ 95— v)

+ 35a0)+ S adiog )

The first line is identical to its equivalent in eq 3, the second line
has an equivalent but now depends on g, and the third line is
entirely new. We recover eq 3 in the limit ¢ — 0, namely when
all cross-links are to other vitrimer chains. (We have assumed
so far that the cross-linker is two-sided: a similar expression to
eq S holds when the cross-linker is of arbitrary functionality; this
derivation is given in the supplementary information, Part C.)

In eq S, the fraction g of local cross-links is an unconstrained
variable obeying only the inequality g < p. We therefore fix its
value by extremising the free energy over g, namely by setting
0f/0q = 0. The resulting optimality condition

B

is controlled by a parameter k := P|[ly/,| X 4N/(sx) measuring
the propensity for local bonding. Equation 6 can be solved to
give

q= k+2 (1— 1—M> (7)

2¢ (k+2¢)*

A good approximation is afforded by linearizing g with
respect to p, yielding g & kp/(k + 2¢). This approximation is
excellent so long as 4kpgh/ (k + 2¢p)* < 1; it is at its worst when
¢ = k/2 and p = 1, with maximal error 3/2—\/2 or about 9%.
This error reduces quickly with decreasing p, being just over
5% by p = 0.8, and has little impact on the majority of the
explored phase space; for typical values of p in practical applica-
tions, on the order of a few units per cent, the error is less than
one in five thousand. This approximation greatly increased the
speed in our numerical computation by facilitating evaluation
of the free energy and its derivatives.

We see from the linearization that the simpler expression in eq 3
is most accurate when k — 0, which occurs in the limit of greater
inter-sticker spacing since k ~ (N/s)™'/? (see next section). Note
also that as the solution becomes more dilute, we see g approach
p: in other words, local bonds dominate the cross-linking behavior,
and percolation becomes increasingly difficult.

2.3. Local Bonding Propensity

The parameter k controlling the local bonding propensity
remains a free parameter of this theory. Some intuition for it
can be afforded by rephrasing it in terms of material properties
of the vitrimer. In this section, we provide an interpretation
through a simplified scaling argument then, for reference, per-
form the calculation exactly for ideal (Gaussian) vitrimer chains.
The latter, exact result is not essential to the discussion.

Consider a segment of chain between two stickers, consisting
of Iy, Kuhn segments, each of length b. To find
k :=P[ly/] X 4N /(sx), we need the probability ]P’[ZN/S] of the
segment’s two ends lying within a bond volume (1) of one
another. This probability is proportional to the bond
volume v, when v, is small, since the underlying segment-end
distribution is approximately constant over small regions. The
maximum value that the bond volume can take — at which
the probability should be unity — scales as the cube of
the chain segment’s root-mean-square end-to-end radius
Rs ~ by/In/s which characterizes the typical distance by which
segment ends are likely to be separated. Thence the scaling
]P’[ZN /S] ~ 1,/R3. Replacing the bond volume with its lattice-
based equivalent v, = xv,, we obtain the scaling law k ~ v /
R?, where v, = v,N/s is the volume taken up by the inter-
sticker chain segment, or equivalently the volume of vitrimer
chain per sticker. Interpreting R as the volume spanned by
the chain section between two stickers, we find that 1/k ~
R3/v_ is (roughly) the typical number of stickers within a vol-
ume R > for a pure vitrimer system — i.e., in the absence of a
homopolymer matrix. Its square 1/k* is also known as the
‘invariant degree of polymerization™” for that inter-sticker
segment.

The packing length P of a polymer chain corresponds to the
length scale on which a chain fully fills its pervaded volume, and
is defined as the ratio of the chain’s displaced volume to its root-
mean-square end-to-end radius.”®* Using the chain segment
between adjacent stickers, we have P ~ v_/R % The consequent
scaling

k~P/R, (8)

gives a further intuitive interpretation of k as the reciprocal
inter-sticker distance, measured in units of the packing length.
This can be understood as encoding the fact that stickers within
the same packing blob are easy to cross-link without losing
much entropy; the more blobs they are separated by, however,
the more costly (and therefore rare) cross-links become, and
k—o.

For reference, we now compute k theoretically for an ideal
chain.***° Recall that the Green’s function Gi(r) for an isolated
phantom chain of | effective bonds of length b is given by the
expression

2L\ 3|1e)|?
)= (207) " ep(- 2oL ©)

where r is the end-to-end vector of the chain. Requiring that the
chain ends lie within a volume v, of one another is then equiv-
alent to integrating over the locality operator v, 3, where ¢ is the
Dirac delta. Thus

ju -3/2
Pl = [ dr v 8(r) Gi(r) = % <2? z) (10)

The last step is then to express the inter-sticker distance in units
of the effective bond length b. This is simply the number of Kuhn
segments between successive stickers, obtained by dividing the
volume v, = v,N/s of an inter-sticker chain segment by the vol-
ume vy of a Kuhn segment, giving Iy, = N/s X vp/v
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Substituting all of these into k := IP[ly/| X4N/(sx) and again
replacing v, = xv, gives
6 3/2
k= i il (G S (11)
/2 \|N /v b?

with numerical prefactor about 1.34. In particular, note the scal-
ing k~+/s/N, implicit in eq 8.
2.4. Phase Diagram

From the free energy, we can obtain the phase diagram, displaying
the system’s behavior for the entire phase space (¢, p) € [0, 1],
with p = y/¢. We first describe how the various features of the
diagram are computed, before presenting a typical phase diagram
at the end of the section.

2.4.1. Methodology. The spinodal curve is the transition
from local stability to local instability, and occurs when the free
energy goes from concave in both directions to convex in at
least one; we find this curve by numerically searching for the
zero contour of the Hessian determinant of the free energy

f=A (¢, w). Namely, we solve

foafun—Ffan)* =0 (12)

where the subscript comma denotes differentiation with respect
to subsequent variables. The binodal, marking the transition
from true stability (global convexity) to a metastable state
(locally convex but globally concave) is less straightforward,
but is guaranteed to intersect the spinodal in at least one point,
called the ‘plait point’. The plait point is a particular type of crit-
ical point in liquid-liquid systems corresponding to the location
where binodal points — the extremities of tie-lines, i.e., coexist-
ing phases — become identical and coalesce.”"** Our method-
ology begins by obtaining this intersection by simultaneously
solving the aforesaid spinodal condition — eq 12 — alongside
an equation specific to the plait point:

Fwwod duf pp=3 (f-,tﬁw) 2f¢ww + 3f puf il ppw— (faw//) 2f¢¢¢ =0
(13)

Equation 13 corresponds to the statement that the plait point is an
inflection point on the spinodal curve; it can be derived from the
condition (t -V)3f = 0, where t [, ol ¢¢]T is any tangent to
the spinodal and V := [9,, GW]T is the gradient on the phase space
of conserved variables. Then, the binodal is found by imposing
(and numerically solving for) equality of the chemical potentials
Hyp = fp My = f,, and osmotic pressure IT := ¢p,, + yu,, — f
across both phases, according to the common-tangent construc-
tion. Straight-line segments joining such solutions are known as
tie-lines, and conservation of the phase parameters (¢, ) implies
that any unstable state lies on the tie-line into whose extremities it
will separate. Therefore, we use a stepping algorithm to generate
the tie-lines by guessing an unstable state and finding the tie-line
passing through it, starting at the plait point and always moving
perpendicularly to the last tie-line found. The set of tie-line extrem-
ities forms the binodal. (This is one of several possible approaches:
Archer et al* outline a similar algorithm, based on sweeping
through chemical potentials instead of unstable states; other
options are the iterative method, as in Qian et al,** or the method
of dominance analysis.**) Our algorithm is prone to pitfalls such as

local optima and three-phase separation; to avoid these, we used a
more robust but less accurate method to first visualize the region
of instability. Namely, we computed the lower convex envelope
of the free energy surface, since it is flat in i directions when coex-
istence is between (i + 1) phases, i € {1, 2}. We are grateful to
Peiwen Ren® for his advice and example code performing this
computation. Finally, the mean-field percolation transition is
obtained by solving an appropriate Flory—Stockmayer condi-
tion 'Y

1
r—q= m (14)

for the sticker conversion p as a function of the vitrimer fraction ¢,
with q = q(p, ¢) from eq 6. Under this condition, we say a system
is in a ‘sol” state when vitrimer chains form finite clusters, and in a
‘gel’ (or percolated) state as soon as there is one (infinite) cluster
spanning the whole system. Equation 14 is derived by assuming
clusters are tree-like, with no cycles, and computing the expected
number of new chains at each generation: the criterion for perco-
lation is when this value is greater than unity.**

2.4.2. Phase Diagram. Figure 3 shows the resulting phase
diagram for parameter values chosen to match the simulations
performed in Section 3. The diagram displays both a percola-
tion (sol-gel) transition and a miscibility dome. Any system
with volume fraction and sticker conversion lying outside the
miscibility dome will be single phase: either a sol below the
gelation transition or a gel above it. Within the miscibility
dome, the system will phase separate. We note that instability
tends to set in as cross-links are added to the system, globally
raising p. In the upper part of the phase diagram, within the mis-
cibility dome, the two phases resulting from phase separation are
indicated by the extremities of the tie-lines that intersect the
system-averaged volume fraction, ¢, and sticker conversion, p.
On increasing p away from the plait point, these tie-lines
increasingly share the same local p value after splitting. For this

0 0.2 0.4 0.6 0.8 1

Vitrimer volume fraction (¢)

Figure 3. Phase diagram obtained from eq S with M =N =20,s =5
and k = 0.48, showing the gelation transition (blue), spinodal curve
(red), binodal curve (gray), tie-lines (gray segments) and plait point
(symbol ®). Data are plotted on ‘pinched axes’ as the phase space is
naturally triangular. On these axes, lines of constant p are rays emanat-
ing from the left-hand corner, whereas lines of constant ¢ connect a
value on the vitrimer axis with its complement on the homopolymer
axis. Note that we show only a subspace p > 0.4.
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choice of parameters, most trial phases separate into both sol
and gel phases, since the percolation transition passes very near
to the plait point. The separation into sol and gel appears to be
a common feature of these polymer—vitrimer systems, as will
later be discussed for s > 1 (Section 4.4). However, the gela-
tion line does not exactly meet the plait point, and for these
parameters we predict a minority of systems close to the plait
point that phase separate into two sol phases.

Qualitatively, our phase diagram is similar to those of
Semenov and Rubinstein'” and Dobrynin.'> Heuristically, the
globally conserved sticker conversion (p) in associative net-
works can be compared to the attractive volume of a bond (4,
which depends exponentially on the energy of association) in
dissociative networks: both control the density of the resulting
network, and for the purposes of visualization can be plotted
as the ordinate of the phase diagram against the vitrimer con-
centration variable on the abscissa. Doing so, we observe the
same topological features, namely two-phase regions for high
p (resp. 1) often — but not always — separating between a
sol and a gel phase. Of course, the difference in control param-
eters between associative and dissociative polymer networks
means that the correspondence is imperfect, and predictions
can only ever be compared qualitatively.

3. SIMULATION METHODOLOGY

To validate the theoretical framework proposed in Section 2,
molecular dynamics simulations were performed to investigate
phase separation phenomena in purely entropic vitrimer—
homopolymer blends. Here, we present simulations of the sim-
plified model without the inclusion of explicit cross-linker mol-
ecules. We employ the widely adopted coarse-grained Kremer—
Grest bead-spring model™ utilizing fully flexible chains without
angular potentials. A system of 2000 chains, each of length N =
20 beads, were initialized in a cubic periodic box with size L >
SR, (where R_ is the mean radius of gyration), such that the
monomer num%er density was p = 0.85 67°.

The vitrimer volume fraction ¢ was varied in the interval ¢ €
[0.1, 0.9], in steps of 0.1. Vitrimer chains are distinguished from
homopolymers by the inclusion of evenly distributed mono-
functional associative groups (stickers) along the backbone.
The only difference between stickers and regular beads is the
stickers” ability to form crosslinks with a maximum of one other
sticker. Regarding their mass and physical interactions, the two
types of monomer are identical. Each vitrimer chain contains
five stickers, which are distributed along the twenty-bead back-
bone at positions 2, 6, 10, 14, and 18. A functionalization of five
stickers per chain ensures the system resides well above the per-
colation threshold (given sufficiently large sticker conversion is
achieved), thereby minimizing possible topological defects.
Furthermore, it allows reasonable computation times.

3.1. Equilibrium Molecular Dynamics

Excluded volume interactions between non-bonded beads are
modeled by the purely repulsive Weeks—Chandler—Andersen
(WCA) potential,”” a Lennard-Jones (L]) potential truncated
and shifted at r, = 21/¢ o:

Uyy(r) = 46[(%) - Gﬂ te forrsr (15)

0 forr >r.

where r denotes the inter-particle distance, while € and o repre-
sent the fundamental energy and length scales respectively. The
simulations employ standard reduced units with bead mass m,
and Boltzmann constant k. Consequently, time is expressed
in units of 7 := & (my/e)"/%.

Connectivity between adjacent backbone monomers, as well
as the reversible cross-links formed between stickers, is gov-
erned by a finitely extensible non-linear elastic (FENE) poten-
tial.”” This potential superposes the attractive entropic spring
with the purely repulsive WCA component to prevent ‘bond
crossing’ (i.e., bonds passing through each other), thus respect-
ing topological constraints:

! R2og | 1-( 2 U, f
Urene(r) = { ~3<Ralog| 1= ) | +Uuln) forr<Ro
00 forr > Ry

(16)

where K = 30 ¢/6” is the spring constant and R, = 1.5 & repre-
sents the maximum bond length.

The above interaction potentials mean that the simulations
are not purely entropic, and include some energetic (enthalpic)
contributions. However, we omit any excess energies of mixing
between the homopolymer and vitrimer species (i.e. y = 0) by
employing the same non-bonding interactions between beads of
the two species and by using the same bonding potential for
both species. The ‘phantom’ nature of the cross-links ensures
that there is also no excess energy of mixing between the
cross-links and anything else. Hence, entropy is the dominant
factor driving any phase separation observed.

Prior to the activation of reversible cross-linking, the polymer
melt underwent a multi-stage equilibration protocol maintained
at areduced temperature T# = 1 €/k; using a Langevin thermo-
stat (Tdamp = 0.1 7). To eliminate initial steric overlaps and ther-
mally equilibrate the system, non-bonded interactions were
initially governed by a soft repulsive potential. This relaxation
phase proceeded for a total of 2 X 10°® time steps, beginning
with an integration step of 6t = 0.001 7 which was subsequently
increased to 6t = 0.005 7 to accelerate relaxation. Following the
removal of high-energy overlaps, the standard Lennard-Jones
potential of eq 15 was restored, and the system was equilibrated
for a further 10® time steps with 5t = 0.001 7.

To closely control sticker conversion, we developed a con-
trolled cross-linking procedure. Every 10 time steps, unreacted
stickers were allowed to form a maximum of 1 bond with
another sticker using the fix bond/create command available
in LAMMPS.”® The capture radius was set to R, = 1.4 ¢ to
restrict bonding to the first coordination shell, and prevent high
energy bonds from forming near R,. Secondly, the probability
of creating a bond between two candidate stickers was set to
Piona = 0.0001 to allow the gradual build-up of cross-linking
density. Sticker conversion (p) was monitored using an external
Python script; as soon as the desired cross-linking density was
achieved, bond creation was turned off and the mixture was
equilibrated in a canonical (NVT) ensemble with time step
5t = 0.01 7 for a total of 10°® time steps. The bond potential
of the formed cross-links is described by eq 16. At this stage,
all cross-links between stickers were permanent in nature.

Following equilibration and cross-linking, dynamic bond
exchange reactions were activated. These measurement runs
were conducted in a canonical ensemble, where temperature
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was maintained at T* = 1 €/ky using a Langevin thermostat
(Tgamp = 0.5 7). Newton’s equations of motion were integrated
with a time step of 6t = 0.01 7 for a total duration of 10° time
steps. Every 10° time steps, bond exchange reactions were
allowed to occur using the algorithm described in Section 3.2.
Initiating data collection immediately upon the activation of
bond exchanges allowed us to monitor the phase separation
kinetics in real time, capturing the system’s evolution from the
precise moment topological reconfigurations began.

3.2. Bond Exchange Reactions

Vitrimers are classified as associative covalently adaptive net-
works (asso-CANs).” A defining characteristic of this class of
material is the strict conservation of cross-link number, main-
tained through an exchange mechanism where bond cleavage
is immediately followed by bond formation.” To capture this
topology-altering behavior in the melt state, hybrid Monte-
Carlo/molecular dynamics (MC/MD) algorithms have been
used extensively.””**>"%> Building upon the framework estab-
lished by Cui et al,** we extended their MC/MD algorithm
to explicitly incorporate exchange reactions involving non-
bonded, ‘“free’ stickers.

Bond exchange can occur through two distinct reaction path-
ways. A ‘bond swap’ (Figure 4a) involves the metathesis
between two existing cross-linked sticker pairs, whereas a ‘bond
shift’ (Figure 4b) is facilitated by the presence of a free sticker in
the immediate vicinity of a bonded pair. Crucially, both reaction
types are subject to a strict proximity criterion, requiring all par-
ticipating stickers to be within a defined cut-off radius r. = 1.12 6.
This cut-off value corresponds to the minimum of the WCA

(b) Bond shift

Figure 4. Bond exchange reactions (BER).

potential (2!/¢ ), representing the direct contact distance
between non-bonded stickers. This strict spatial constraint for
bond exchange attempts serves two purposes: first, it mimics
the steric requirements of an associative reaction mechanism,
ensuring the new bonding partner is in the immediate coordina-
tion shell; second, it ensures that newly formed cross-links are
created near their equilibrium length (& 0.96 6), minimizing
high-energy stretched states and eliminating the possibility
of bond crossing upon formation of new cross-links.
Consequently, the local spatial distribution of stickers dictates
the eligibility of specific sites for exchange events.

For each possible proposed move, the change in potential
energy is calculated as:

AU = ZU;E“I\IIE(")_ZUEENE(”) (17)

where Y USSY. (r) and Y USH o(r) are the cumulative FENE
potentials of the newly proposed (post-exchange) and the orig-
inal (pre-exchange) bonds, respectively. For both reaction path-
ways depicted in Figure 4, two distinct new configurations are
possible. Candidates were screened by energy minimization:
namely, we retained only the configuration with the lowest AU.

The acceptance of the proposed bond exchange reaction
(BER) is then governed by the standard Metropolis criterion.>®
Moves resulting in a net reduction of potential energy
(AU < 0) are accepted unconditionally, whereas energetically
unfavorable (AU > 0) BERs are only accepted with an
exchange probability

Pacczexp(_ AU > (18)

kg T*

To eliminate the possibility of bond exchange reversals within
a given integration cycle, stickers that have participated in a suc-
cessful exchange are excluded from further bond exchange
attempts during that cycle. This means that each sticker is limited
to a maximum of one bond topological change per MC step.

Strict detailed balance is violated in the algorithm due to the
sequential processing of bond exchange candidates, as the exclu-
sion of reacted stickers from subsequent moves within the same
time step introduces a non-Markovian dependency on the ran-
dom iteration order. Nonetheless, the bond exchange reaction
algorithm does satisfy the weaker criterion of global balance,
which is the necessary and sufficient requirement for Monte-
Carlo simulations.>* On the other hand, when screening the two
proposed configurations by energy minimization, a deterministic
choice is introduced which technically violates the balances.

Since the difference in potential energy between the two can-
didates is generally a multiplicative factor, the higher energy
candidate would have an acceptance probability several orders
of magnitude smaller due to the exponential suppression in
eq 18. Therefore, the error introduced by this choice is negligi-
ble, and it has the benefit of allowing a significant speed-up in
the Monte Carlo algorithm. Thus, this preference towards lower
energy transitions identifies dominant reaction pathways, effec-
tively filtering out statistically negligible high-energy transitions.
This is applicable for the temperatures generally used in
Kremer—Grest simulations (T* S 2 e/kg).
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3.3. Inferring Stability

In simulations, it is possible to observe the development of
phase separation over time. Starting from an equilibrated, per-
manently cross-linked network, BERs are turned on and the
measurement run starts. The state of the system is inferred at
regular time intervals by recording atom coordinates and mea-
suring the distribution and local concentration of beads belong-
ing to vitrimeric chains (both ordinary beads and stickers).

Local properties are calculated by discretizing the simulation
box into 7° = 343 equal-volume subdomains. To mitigate bias
arising from arbitrary boundary placement, the discretization
grid was shifted incrementally along all three axes in steps of
one-tenth the subdomain side length. These choices — dividing
each side of the simulation box into seven equally sized seg-
ments and performing ten grid shifts in each dimension — were
guided by two considerations. First, both numbers are coprime,
ensuring that no two sampled configurations are identical.
Second, splitting the simulation box into seven equal segments
along each axis yields a subdomain length of approximately S o,
which is large enough to contain a sufficient number of beads to
average over, while remaining small enough to produce observ-
able differences between subdomains. Taking into consideration
the periodic boundary conditions, this generates an ensemble of
343 000 subdomains. Here, we describe three distinct methods
of determining stability from these discretized subdomains.

3.3.1. Distribution Plots. The simplest way to infer the
stability of a system is by looking at the number distributions
of vitrimeric beads in the (equally sized) subdomains. Stable
systems exhibit the expected Gaussian-like distribution, whereas
for unstable systems, a split in the distribution is observed,
indicative of two distinct phases forming within the melt.

The development of these distributions over time (Figure S)
can give information regarding the rate at which phase separa-
tion is developed and when equilibrium is reached. Results
reveal that equilibration is invariably reached by the half-way
point of the entire simulation (10°® time steps), with only slight,
stochastic deviations observed afterwards.
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Figure 5. Atom count distribution of vitrimeric beads at four different
times during simulation (¢) = 0.5, p = 0.95). The entire simulation
lasted a total of £ = 10° 7, or 10° time steps.

Distribution plots prove useful to determine phase separation
for well separated systems, where both phases occupy reason-
able fractions of the simulation box. For such systems, the dis-
tribution plots show clear bimodal distributions. However, for
‘edge’ cases where bimodality is not apparent, more advanced
tools are needed to quantitatively determine phase separation.
For this purpose, two alternative methods to infer stability are
presented, based on the spatial correlation function and on den-
sity variance, respectively.

3.3.2. Spatial Correlation. The stability of the systems
were primarily determined from the spatial correlation function.
First, we calculate the local composition (i) of the i subdomain,
defined as the proportion of beads in the subdomain that belong
to vitrimer chains. This is then correlated with that of all other sub-
domains as a function of their center-to-center Euclidean distance r
according to the formula Zl][qﬁ(z) - 1@ (j) — P, where ¢ is the
global average composition and the sum is taken over all subdo-
main pairs (i, j) separated by a fixed distance r. An example of this
correlation is shown in Figure 6 for ¢p = 0.5.

Formally, for a macroscopic system, phase separation would
correspond to an infinite correlation length appearing in the
system. Non-phase-separated systems would then have a spatial
correlation function that decays to zero over a finite distance.
Unfortunately our simulations are necessarily finite, with a sim-
ulation box made even smaller by its periodic boundaries. This
means that: (i) the largest correlation length available corre-
sponds to about half the diagonal of the simulation box, i.e.
about 30 o; (ii) a phase-separated system will have strong pos-
itive correlations in composition up to around half the simula-
tion box size, and negative correlations at large distances
because of the overall mass conservation in the finite box; but
(iii) such negative correlations are also observed as we approach
the region of instability in parameter space, because the diverg-
ing correlation length quickly approaches the simulation box
size. As a result, it is difficult to distinguish the exact point at
which phase separation occurs in a finite simulation box: for
intermediate cases it may be impossible to decide between a
system with long correlations near the phase-separated state,
and a system that is actually phase separated. Hence, plotting
the spatial distribution function for different values of p gives
a continuum of curves rather than a discontinuous change at
phase separation. As a practical choice, we decided to take an
anticorrelation of —0.1 at large distances as a heuristic criterion

008
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Figure 6. Spatial correlation, for ¢ = 0.5 and different sticker conver-
sions p, as a function of the distance between subdomain centers. The
cut-off point for determining stability is indicated by the horizontal
dashed line. The same plots for other values of ¢ can be found in
the supplementary information (Part D).
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Figure 7. Density variance as a function of time for ¢p = 0.5 at differ-
ent sticker conversions p. The same plots for other values of ¢ can be
found in the supplementary information (Part D).

for phase separation. It should be noted that this value is most
likely size-dependent and may require adjustment for different
box volumes. As can be seen from Figure 6, this criterion also
corresponds roughly to the point where the zero of the spatial
correlation function approaches that found for the clearly phase
separated systems (at larger p).

3.3.3. Density Variance. To support the conclusions
drawn from the spatial correlation on the stability of a system,
we also look at the change in density variance over time. It is
defined as 6/,(15)2 = (p,(t)*) — (p,(1))? where p,(t) is the vitri-
mer bead density for each subdomain i at time ¢, and ( - ) is
the average over subdomains; this definition implies 6,,(t)*
> .[p(t) — ¢]* where ¢ is the global average composition
and the sum is over subdomains i. When normalized by the
density variance at t = 0 (the moment before which only per-
manent cross-links existed between stickers), stable and unsta-
ble configurations show opposing behavior.

Figure 7 shows the density variance as a function of time for
systems with ¢ = 0.5. The different lines correspond to differ-
ent sticker conversions (p). Systems that phase separate show
an increase in their normalized density variance over time, until
a stable plateau is reached halfway through the simulation. An
increase in density variance is indicative of melt heterogeneity
(phase separation). Conversely, stable blends show a decrease
in variance, synonymous with increased homogeneity and
therefore stability. We classify systems into three categories
according to the value of their density variance at large times:
less than 1, stable; between 1 and 1.5, ambiguous; above 1.5,
unstable. We note, as we did for spatial correlation, that these
thresholds may change depending on the volume of the simula-
tion box.

When looking at Figure 7 a question arises: why does the
density variance for stable systems decrease relative to the start-
ing state? This phenomenon can be attributed to the increased
mobility induced by BERs. By turning on BERs, the system is
able to equilibrate further than it was previously capable to with
permanent cross-links, and the increased mobility of beads per-
mits a more homogeneous state. This argument supports the
idea that an increase in density variance can be attributed to
phase separation.

3.4. Percolation Transition

It is also important to conceptually validate the Flory—
Stockmayer prediction of the gelation line. Gelation is defined

Sticker conversion (p)

Figure 8. Percolation transition measurements for ¢ = 0.5. Black
curve: reduced molecular weight (RMW); orange curve: normalized
largest cluster size (S,); teal curve: normalized second largest cluster
size (S,). Dashed lines indicate the maximum of the RMW and the
inflection point of S;. The same plots for other values of ¢ can be
found in the supplementary information (Part D).

as the first point at which an infinitely large network forms,
spanning the entirety of the sample. In MD simulations, this
is the moment at which the probability of finding a cluster span-
ning the entire simulation box becomes non-zero by forming an
‘infinite’ network through the periodic boundaries.

We follow the method developed by Livraghi et al.>® to
determine the percolation threshold from MD simulations
and compare it to the prediction given by eq 14. Their estimate
threshold is defined by the reduced molecular weight (RMW)
and point of inflection of the largest-mass cluster. The RMW
is defined as the molecular weight average of all clusters in the
system except the largest one. The largest cluster’s size is a more
indirect measurement of gelation, where the moment at which
the mass of the largest cluster starts to significantly outweigh
the other clusters is used as the gelation point. Here, we use
both methods to get the most reliable estimate of the critical
sticker conversion (p) needed to achieve gelation. The use of
both methods is justified considering that the values of p were
varied in steps of 0.05, which may be too low of a resolution
for an exact match between theory and simulations.

Figure 8 demonstrates the two methods described above for
the estimation of the gel point at a vitrimer fraction ¢ = 0.5.
The result obtained from the maximum of the RMW curve pre-
dicts a lower critical value for the onset of percolation, p = 0.4.
On the other hand, the inflection point of the largest cluster size
estimates a higher onset (p = 0.475). Using these two methods
of determining the sol-gel transition, we can provide a confl-
dence interval for percolation in the simulated systems. This
result can then be compared to the prediction given by the
mean-field theory in eq 14.

4. RESULTS AND DISCUSSION
4.1. Comparison between Theory and Simulations

We are finally ready to compare the theoretical phase-diagram
predictions with the results of simulations. We initialize the free
energy with parameter values dictated by the simulations:
choosing a discretization such that every bead fills exactly one
lattice site, the parameters M = N = 20 and s = § are straight-
forward from Section 3. The free parameter k was estimated by
visually fitting to the simulation results, and found to be
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Figure 9. Phase diagram from theory (lines) and from simulations
(symbols). Three classes of stability are shown: stable, clearly phase
separated, and ambiguous or borderline. The free-energy parameters
are M = N =20, s = 5, and k = 0.48. This figure shows the same the-
oretical data as Figure 3, plotted on square axes to maximize visibility of
the simulation points for small ¢. The percolation transition seen in
simulations (Section 3.4) appears as a pale blue band.

somewhere around one half: k = 0.48 + 0.08. (This motivated
the earlier choice of values in Figure 3.) For better visibility of
the simulated data, we refrain from using ‘pinched axes’ in favor
of a more traditional square plot, giving Figure 9.

Note that on square axes, tie-lines are not straight line seg-
ments, and thus are not shown. On the same plot, we show
the spinodal curve (red line, inside the region of instability),
the plait point (symbol ®) and the mean-field percolation tran-
sition (blue line).

The results of simulations are split into three classes — sta-
ble, clearly phase separated, and borderline — and shown on
Figure 9 using symbols. The confidence interval for the perco-
lation transition, obtained using the methods in Section 3.4, is
indicated by a pale blue region. The region forms a band around
the theoretical prediction for ¢ > 0.5, when the mean-field the-
ory is expected to be most accurate; the agreement is worse for
smaller values of ¢, when same-chain bonds become important
and the mean-field assumptions weaken.

Looking at the distribution of simulation results, we see that
all systems which displayed clear phase separation in the simu-
lations lie within the theoretical region of instability. There is
some uncertainty near the boundary, due to the gradual onset
of separation in simulations as the p-value increases (as dis-
cussed in Section 3.3). Nonetheless, we find very good agree-
ment between theory and simulations at an appropriately
chosen value for the free parameter k.

4.2. Consistency of the Local-Bonding Parameter

How reasonable is this fitted value k &~ 0.48? We can check con-
sistency by calculating it in different ways. One is to use the
result for Gaussian chains, eq 11, applied to a lattice based on
the MC/MD beads. Here, the bond length is around the mini-
mum of the FENE potential (b & 0.96 5); every bead is a statis-
tical segment, so the Kuhn volume is that of a bead (vK =Z 0'3);
and every lattice site corresponds to one bead (v, = vy). Using
these values in eq 11 gives k & 0.39, in agreement with the fitted

uncertainty 0.48 + 0.08.

e 0.9
® 0.8
©10.7
0.6
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0.4
0.3
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0.1

Predicted k-value

0.2 0.4 0.6 0.8 1

Sticker conversion (p)

Figure 10. Value of the left-hand side of eq 6 as a function of p for all
values of ¢. Solid lines indicate calculations involving only nearest-
neighbor cross-links, dashed lines correspond to calculations involving
all same-chain cross-links.

Whilst the accuracy of this agreement is to some extent coinci-
dental — for example, if instead of using as unit volume the size of
a bead (v, = vi) we had used the inverse number density of
monomers in the simulation box (v, = 1/p ~ 118 6°), the esti-
mate would have risen to k & 0.88 — it remains heartening to find
a result of the correct order of magnitude. This can be compared
with another way to verify consistency, namely measuring the
values of p and q directly in the simulations and using them to
solve for k in eq 6. Limiting this analysis to systems which unequiv-
ocally do not undergo phase separation, we obtain k = 0.20 from
the fraction of cross-links which are between nearest-neighbor
stickers on the same chain. Note however that this is expected
to be an underestimate: in the simulated systems, same-chain
bonds are not limited to being between nearest-neighbor stickers,
and can span the whole chain; nearest-neighbor bonds are thus
less likely than they might be in a nearest-neighbor-only system.
To compensate for this, we can imagine a different definition of
q in simulations: instead of using the fraction of bonds which are
between nearest-neighbor stickers, we can measure the fraction of
bonds which are between any two stickers on the same chain.
Using this alternative definition for g in eq 6 gives k ~ 0.30 on
average. (Figure 10 shows the detail of the calculation for both g
variants, plotting the equivalent k value for each simulated sticker
conversion p and vitrimer volume fraction ¢.) For stable systems,
the predicted values of k remain approximately constant, and the
value starts to drop as soon as instability sets in, since the single-
phase percolation condition ceases to apply. As with the previous
method, we find a value of the correct order of magnitude, though
the estimate is now further from the fitted value.

A third method of controlling consistency is to return to the
definition k := IP’[IN /J X 4N /(sx). Assuming beads in the simu-
lation are to a good approximation hexagonally packed, each
sticker has roughly x = 12 — 2 = 10 free sites adjacent to it.
The natural discretization — one bead per lattice volume —
makes N/s the number of bead diameters between successive
stickers. The only missing quantity is then P [ZN /5] , the probabil-
ity that two nearest-neighbor stickers are within a bond length
of each other. This quantity can be obtained from the simula-
tions by observing a system sure not to separate — e.g,, ¢ =
09 and p = 0.5 — and counting, amongst all nearest-
neighbor sticker pairs, which proportion are less than a distance
2 X 0.96 o apart. (In fact, to avoid interference from the cross-
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linking algorithms, we look only at beads on homopolymer
chains spaced four bond lengths apart.) We find a probability
P[ly] = 0.3, yielding a value k = 0.48.

4.3. Phase Diagram for a Realistic Blend

Comparison with simulations suggests good reason to be confi-
dent in the applicability of the theoretical model. In this section,
we provide a phase diagram for a more realistic choice of
parameters, inspired by a polystyrene-based vitrimer chemistry.

4.3.1. Steric Cross-Linker and Stopper. Thus far, we
have approximated cross-linker and stopper moieties as ‘phan-
tom’ objects, occupying no volume. Depending on the size of
these two moieties, however, the approximation may have limited
applicability. To relax this assumption, we split the vitrimer net-
work into three types of component: the chain backbone (B),
the cross-linker (C) and the stopper (D). Each component —
or, for simplicity, ‘species’ — is considered to occupy a volume
N, in discretization units: the index i runs over the four species
in our system, the remaining species (A) being the homopolymer
chains. This gives four volume fractions ¢, of which to keep track.

Repeating the argument in Section 2 for a four-species sys-
tem gives an intensive free energy

_ s q¢ $(¢:)
r= (- 1te) e p 20

" {55(1 —a/p)+9(a/p)+ glog<%>} 143_2
(19)

with g = kp/(k + 2¢3), where the four volume fractions ¢, are
related by the stoichiometric condition s¢p/Ny = 2¢-/N +
¢/Np and the — obvious — new volume balance, ) ¢, = 1.
The degree of conversion is also updated to p = 2Np@/
(sNcghp). In the interest of brevity, the derivation of these results
is relegated to the supplementary information (Section A.3).

The consistency of eq 19 with the expressions in Sections 2
and 3 can be seen by (i) relabelling N, = M and N = N,
(ii) setting - = (sNo/2Ny) y and ¢ = (sNp/Ng) (¢ — w)
and (jii) taking the volume balance Y ¢, = 1 in the limit of
small cross-linker and stopper size (sN ~ sNp < Ng) to claim
that ¢y = ¢ = 1 — @,. It can be verified that the result of this
procedure is the simplified system discussed up to now. This
consistency implies that the simplified model, wherein the
cross-linker and stopper are ‘phantom’ objects, correctly
accounts for the mobility of real, physical cross-linkers. In the
full calculation, the cross-linkers’ translational entropy is
reduced by attaching the cross-linkers to stickers; the simpler
calculation instead includes a combinatorial entropy of cross-
linking, but the resulting contribution to the free energy is the
same. The collapse of the two free energies — eqs S and 19
— in the limit of small cross-linker and stopper thus supports
the intuition that the size of the cross-linker and stopper moie-
ties has no impact on phase separation at zeroth order. In other
words, the phase diagram varies continuously as the cross-linker
size goes to zero.

Figure 1b showed the chemical structure of a polystyrene
vitrimer—homopolymer melt, categorized into our four species
A, B, C and D (based on dioxaborolane functional groups).
The cutting point between B and C/D is chosen to be the point
where the chemical bonds break during a cross-link exchange
interaction. For such a system, what values should be used for

the parameters N, i € {A, ---, D}? Recall that the on-lattice
parameters N, are defined as the number of lattice sites occu-
pied by a single representative of a given species. As such, they
are equal to the volume occupied by that representative divided
by the unit lattice-site volume: N, = v,/v,. Therefore, it suffices
to estimate the volume of one representative from each species,
since the free energy is invariant under rescaling of the elemen-
tary lattice volume v,

Given degrees of polymerization dp, and dpy and vitrimer
functionality s, the volume occupied by each species can be
approximated by its mass. Counting atoms in Figure 1b gives

47
NB =dPB + —s

Na=dpy 52 (20)

Nc=S5/4 Np=1

where the parameters N, are generated by scaling every mass by
the same factor of 104 Da.

4.3.2. Longer Chains. The degrees of polymerization
used for simulations — twenty beads, five stickers — are con-
strained by the numerical capacity of the computers at our dis-
posal. In real applications, we might expect chains to have
monomer counts somewhere in the thousands, and function
sites numbering hundreds. We thus take our new-found, fully
steric expressions and apply them to a system with chains
orders of magnitude longer.

As a plausible example, we consider both homopolymer and
vitrimer to have degree of polymerization dp, = 1500 and
assume s = 200 stickers per vitrimer chain (corresponding to
a molecular weight of 175 kDa for the vitrimer and 156 kDa
for the polymer). For the unknown parameter k, we recall the
scaling law in eq 11 and arbitrarily set k = (s/Ng)"/? ~ 0.34.
This is consistent — recall eq 8 — with values for the packing
length (P ~ 4 A) and root-mean-square end-to-end distance (R,
~ 20 A) experimentally measured for polystyrene.’®*’

Figure 11 shows the resulting phase diagram. (Due to lack of
convergence of the numerical method in the immediate neigh-
borhood of the plait point, the binodal in that region is interpo-
lated between the plait point and the first tie-lines identified.)
The most striking feature is the onset of instability, which
now occurs at much lower values of p. In the next section
(Section 4.4), we show that this is consistent with scaling argu-
ments for the simplified model of Section 2 when s >> 1, which
further suggests that, at zeroth order, the thermodynamics do
not depend on the size of the cross-linker moiety.

4.4. Asymptotics of Highly Functionalized Chains

In the interest of quantifying the features of Figure 11, we look
for the position of the plait point and percolation transition
asymptotically for large numbers of sticker sites per chain (ie.,
as s = 00). Their placement relative to each other will allow
us to determine the generic appearance of the phase diagram
in this limit. As the full model with steric cross-linker and stop-
per is analytically intractable, we return to the simpler model of
eq 5 for the asymptotic analysis.

Finding the asymptotic behavior of the plait point as s — oo
requires simultaneously solving eqs 12 and 13 to first order in
1/s. In the supplementary information, Part E, we find this gives

B 1 3y/N/M o
¢—1+\/N/—M » +0(s7?) (21)
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Figure 11. Phase diagram for a hypothetical polystyrene-based vitri-
mer melt with dioxaborolane-based cross-linker and stopper moieties,
showing the gelation transition (blue), spinodal curve (red), binodal
curve (gray), tie-lines (gray segments) and plait point (symbol ®).
Parameter values are dp, = dpy = 1500, s = 200 and k ~ 0.34.
Since the p-axis starts at zero, horizontal sections of this plot corre-
spond to slices of constant y.

W= zis (2+k+k\/N/M) +0(s7?) (22)

From eqgs 21 and 22, we can compute the number of stickers
per chain cross-linked to other chains at the plait point. This
is the number of occupied sticker sites, ps, reduced by the num-
ber of sites cross-linked to the same chain, gs. To leading order
in 1/s, this gives

(p-q)s=1+ \/§+ 0 G) (23)

In other words, for chains of comparable length (N ~ M), a rule
of thumb for the transition into immiscibility is that two stickers
per chain be cross-linked to other chains. Comparing this to the
rule of thumb for the percolation transition — which is one
sticker per chain — we see that stability is only possible for net-
works which are loosely cross-linked, though it is possible to gel
the system without phase separation as indicated in Figure 11.

When s becomes large, eq 14 for the percolation transition
becomes (p — q)s & 1 to leading order, since g < p € O(1/s).
Note the similarity to eq 23. Solving this explicitly gives

1 k

at percolation. This is below the plait point but hits the region
of instability fairly rapidly to the left of the plait point, since
eq 24 diverges as ¢ = 0. Thus we see that, depending on the
initial conditions, phase separation can either be into two gel
phases or can span the percolation transition, giving both a
sol and a gel phase. For large values of s, there is never separa-
tion into two sol phases.

The vast majority of the phase space, where p is large, sepa-
rates into sol and gel. In particular, as p — 1, tie-lines become
arbitrarily close to being between (¢, ) = (0, 0) and (1, 1),

since the free energy in eq S becomes concave for s — oo and
y — . Therefore, highly cross-linked systems typically separate
into (almost) pure polymer and vitrimer phases. In applications
where the vitrimer is used as an additive to strengthen the poly-
mer without losing recyclability, this means that adding more
covalent bonds to the network will only cause it to separate
more completely from the thermoplastic matrix.

4.5. Limitations of the Model

Certainly the primary limitation of the model presented is its
pure-entropic nature. In a real system, configurations have
enthalpy: due to the interaction between atomic potentials; due
to compressibility of the sample; due to the effect of temperature;
— none of this is accounted for in our model. Of these, the ener-
getic interactions of adjacent atoms are a particularly important
omission. In the simplest case of a melt of identical backbone
chemistries, as the proportion of monomers which are functions
(s/dpg) grows small, we expect the effect of energetic interac-
tions to scale with the number of contacts between homopoly-
mer and vitrimer backbone on one side, and cross-linker and
stopper moieties on the other. Using the interaction parameter
x of Flory—Huggins solution theory, this scale is roughly ys/Nj,.
The energetic term will affect the position of the binodal line
when it is comparable to the stable, Flory—Huggins term of the
free energy, which scales as max{N, !, N ™'}. For equal chain
lengths N, = Ny, this suggests that the relevant parameter for
energetic effects in our networks is ys, which is much less than
the relevant parameter in homopolymeric melts yNy. We thus
expect energetic effects to be suppressed in vitrimeric melts.

Like others before it, this model assumes that functional sites
are evenly distributed along the vitrimer chain. In practice, an
ideal co-polymerization will lead to a random distribution of
functional sites, and non-idealities such as variations in reactiv-
ity or co-monomer drift can lead to blockiness in site distribu-
tion or uneven distribution of sites between chains. This will
inevitably affect the physics of the system.

Another limitation is the model’s treatment of the weakly
concentrated regime (¢ < 1). In the presence of an energetic
interaction with the solvent/matrix, previous literature has sug-
gested that the vitrimer chains would form globular struc-
tures.'”'? We believe this mechanism to be absent in the
entropic formalism presented in this paper. Nonetheless, a sig-
nificant aspect of the entropic case has been neglected in our
treatment: namely, the higher-order ‘harmonics’ of same-chain
cross-linking, which drive chain collapse in real physical sys-
tems.”® We neglected these under the assumption that they
are suppressed by their polynomial entropic cost, their contri-
bution to the partition function scaling as (loop length)=>/%
We know from eq 4 that the number of possible nearest-
neighbor—only configurations on s sites with ¢ cross-links is
(s — ¢)!/[c! (s — 2¢)!], and from eq 2 that the total number of
configurations on s sites with ¢ cross-links is s!/[2° ¢! (s — 2¢)!].
This means that the proportion of configurations which are
nearest-neighbor only is the ratio of the first to the second, or

M ~ exp [—dog (%) +0 (E)] (25)

s!

This quantity vanishes factorially as s grows large, largely overtak-
ing the suppression factor associated with non-nearest-neighbor
cross-links. This leads us to suggest that as the number of functions

https://doi.org/10.1021/acs.macromol.6c00893
Macromolecules XXXX, XXX, XXX-XXX

920z Jequiaidag g uo Jasn NIVANOT 3A INOITOHLYD AINN Ag Jpd’2€6800-9202-BW/6G19Z989/€680009"(0WOIOBLSIB/LZ0 L 0 /10P/)Ppd-0jo11e/xqowew/B10°soe sqnd wo.y papeojumoq


http://pubs.acs.org/Macromolecules?ref=pdf
https://doi.org/10.1021/acs.macromol.6c00893

Macromolecules

pubs.acs.org/Macromolecules

on a given vitrimer chains grows, the cross-linking behavior of
isolated vitrimer chains is not dominated by that between
nearest-neighbor stickers, but exhibits cross-links between stickers
of arbitrary separation along the backbone. This combinatorial
effect will be compounded by the fact that a sort of ‘economy of
scale’ is at play: once the vitrimer chain is already collapsed,
longer-range cross-links are no longer so entropically expensive
as they would originally have been. The topic of isolated vitrimer
chains is still an open question for research to tackle.

Finally, we wish to highlight that the mean-field methods
used in this article suffer the drawback that they are not spatially
resolved: phases are treated as homogeneous throughout. This
means that such a theory cannot be used to make meaningful
statements about separation into micro-phases; yet if — e.g.
— the cross-linker is strongly repelled by the vitrimer back-
bone, we expect the formation of spatially segregated clusters
of cross-linked sites. An accurate treatment of such clusters
may require the use of a fully-fledged field theory,'> with the
added complexity that such theories entail.

5. CONCLUSIONS

In this study, we have derived a mean-field model for the free
energy of an associative covalent polymer network. From the
free energy, quantitative predictions can be made for a wide
range of melt compositions and cross-link fractions by using
appropriate numerical methods.

The model’s validity is supported by the agreement of molecu-
lar dynamics simulations with the phase diagram predicted by the
theory. These simulations emulated the dynamics of vitrimer—
polymer blends by combining a Kremer—Grest bead-spring model
with a bespoke Monte-Carlo bond-exchange algorithm. Instability
and percolation were detected by comparing features in the distri-
bution and clustering of vitrimer beads within discrete subdomains
of the simulation box; for instability, the variance in bead density
and the spatial correlation of the subdomains’ deviation from mean
composition proved particularly useful in classifying edge cases.
Since the vitrimer and homopolymer analogues were made chem-
ically identical, any instability observed was solely a result of the
entropic effect of cross-links between stickers.

We predict phase separation for a range of parameter values,
even despite the exclusion of energetic effects. Stated differ-
ently: blends of otherwise non-interacting polymeric materials
can become immiscible merely through the addition of a
cross-linking mechanism. This prediction, though consistent
with previous work on dissociative systems,lz’13 nonetheless
has a novel aspect: only in associative systems is it possible to
wholly disregard energetic mechanisms. The phenomena
described herein are entirely entropic, and serve as a warning
that affinity at a chemical level is in no way a guarantee that a
polymer—vitrimer blend will remain homogeneously distributed.

Finally, we emphasize that phase separation sets in at low
degrees of cross-linking — as few as two sites per chain when
the vitrimer and polymer are equal in nature and length, not
much more than the amount required for gelation — constitut-
ing an important physical limit to the use of vitrimers as a
strength-enhancing additive.
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